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Abstract
Wigner’s particle classification provides for “continuous spin” representations of the
Poincaré group, corresponding to a class of (as yet unobserved) massless particles. Rather
than building their induced realizations by use of “Wigner rotations” in the textbooks’
way, here we exhibit a scalar-like first-quantized form of those (bosonic) Wigner particles
directly, by combining wave equations proposed by Wigner long ago with a recent
prequantized treatment employing Poisson structures.
1 Introduction
By the last Wigner particle (WP) here is meant the last case in Wigner’s classification of
unirreps of the Poincaré group [1]: massless particles whose second Casimir has a nonzero
value. More often, they are referred to as continuous spin particles (CSP) – somewhat of
a misnomer. Though routinely dismissed as “unobserved” in standard textbook treatments,
the possible existence and properties of such particles are of continued interest [2]; after
pioneering work by Schuster and Toro [3–5], several recent studies [6–10] have appeared.
Closer to the spirit of this paper is the construction by Rehren [11] stemming from his own
work with Mund and Schroer – see [12] and references therein – of a string-local quantum
field for such a particle, as a “Pauli–Lubański limit” of massive, string-local fields. At an
opposite end, mathematically speaking, our own construction [13] of a “classical elementary
system” for the WP foreshadows its quantum kinematics.
Our goal here is to review the first-quantized description of the (bosonic) WP: this is
the relevant approach for certain applications that do not require a full-blown quantum field
formalism. In principle, such a description is already available, by means of little-group
techniques [14, 15]. However, one can attain a simpler-looking scalar-like version by starting
directly from the wave equations. Among our purposes here is to delineate this version, less
cumbersome than the standard approach.
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The plan of the article is as follows. In Section 2 we recall the theory of the second Casimir
associated to the Poincaré group, borrowing a method and notation going back to work by
Schwinger [16]. We also bring in a quite instrumental result on the Wigner rotation for
massless particles [17]. Section 3 is the core of the paper. There we introduce an appropriate
set of states for the WP, and we show the invariant nature of their associated wavefunctions,
their equations of motion, and the existence of an invariant scalar product. In Section 4
we exhibit the causal propagator for the boson WP. Section 5 deals briefly with the relation
between the invariant and the conventional formalisms.
In the appendices we state and develop our Poincaré-group conventions, and then expound
a relevant aspect of little-group theory that we have not found in the standard presentations.
2 The Schwinger decomposition of the Pauli–Lubański operator
Before coming to the (one-particle) Hilbert space for theWP, let us recall the standard basis of
the Lie algebra p of the Poincaré group P
↑
+
whose 10 generators {P0, Pa, La,Ka : a = 1, 2, 3}
correspond respectively to time translation, space translations, rotations and boosts – consult
Appendix A for our notation and conventions. The commutation relations for the Lorentz
subgroup are as follows:
[La, Lb] = εabc Lc, [La,Kb] = εabc Kc, [Ka,Kb] = −εabc Lc .
The pseudovector operator (in the enveloping algebra of p)
W ρ := J∗ρµPµ = PµJ∗
ρµ
= (P · L, P0L + K × P) ≡ (W0,W )
=
(
P1J23 + P2J31 + P3J12, P0J23 + P2J30 + P3J02,
P0J31 + P1J03 + P3J10, P0J12 + P2J10 + P1J02
)
(2.1)
is referred to as the Pauli–Lubański vector. It clearly satisfies
(WP) = 0 and [Pν,W µ] = 0,
and is a vector under the action of the Lorentz group generators:
[J µν,Wτ] = gτνW µ − gτµWν .
As a corollary, one obtains the identities:
[W µ,Wν] = εµντρWτPρ; and [J µν, (WW)] = 0; (2.2)
the second one indicating that (WW) is a Casimir operator for P↑
+
. One finds also that
(WW) = 1
4
ερµντPµJντ ερκσηP
κ Jση = −1
2
JντJ
ντP2 + JκσJ
µσPκPµ . (2.3)
We assume in what follows that P0 > 0. By invoking expression (2.1) in the rest frame, it
becomes clear that the Casimir (WW) for a massive particle equals −m2S · S, where S is the
2
spin generator. This tells us that (WW) captures internal angular momentum. In general W
is spacelike,1 except that in the massless case it can be parallel to P: this leads to the known
fixed-helicity particles, like the photon and graviton, for which relations (2.2) are trivial.
Here we put that case aside: the Wigner particle by definition obeys
(WW) = −κ2 < 0.
We have seen in (2.1) that the temporal component of W is directly related to helicity, which
deserves a symbol:
H := (P · L)/P0. Therefore W0 = HP0. (2.4)
The relation (WP) = 0 implies that the relevant part ofW is that which is transverse to P:
T := W − W0P/P0 = W − (W · P)P/(P0)2, so that W = HP + T . (2.5)
Notice that T 2 = κ2. We call W = HP + T the Schwinger decomposition of (the spatial part
of) the PL vector; the notationT for the part ofW transverse to P follows Ref. [16]. Not only
do the components of T commute with the momentum; they commute with each other. This
is worth a proof:
[Ta,T b] = [Wa,W b] − [W0,W b]Pa/P0 − [Wa,W0]Pb/P0
= εabc T
cP0 − εbdeT dPePa/P0 + εarsT r PsPb/P0
= εabc T
cP0 − (T × P)bPa/P0 + (T × P)aPb/P0
= εabc
(
T cP0 + ((T × P) × P)c/P0) = εabc (T cP0 − T c(P0)2/P0) = 0.
Schwinger writes for this: T × T = 0. Note also that
[H,Ka] = Ta/P0; [Ka,T b] = TaPb/P0.
Let us introduce another spatial 3-vector, also transverse to P:
Y := (P/P0) × T .
There is a 4-vector naturally associated with Y like W with T . But we do not go into that.
Note the commutator relation
[H,Ta] = [W0,Ta]/P0 = εabc T bPc/P0 = T × Pa/P0 = −Y a,
which is at once accompanied by
[H,Y a] = εabc[H, PbT c/P0] = −εabcPbY c/P0
= −(P × Y )a/P0 = (P × (T × P))a(P0)−2 = Ta.
1Since (WP) = 0 and (PP) ≥ 0 together imply that (WW) ≤ 0.
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At this point, following Schwinger anew, and also inspired by [18], we may introduce a
position vector commuting with H:
R = −1
2
[K, (P0)−1]+ − (T × P)(P0)−3.
Notice that
[W0, R] = −W‖
P0
, so [H, R] = [W0/P0, R] = − W‖(P0)2 +
W0P/P0
(P0)2 = 0.
We remark that [P j, Rk] = −δ jk . Also, [R j, P0] = P j/P0 and [R j, (P0)−1] = −P j/(P0)3.
We list here some commutators involving R:
[R j, Pk] = δ jk, [R j, P0] = P j(P0)−1, [W0, R j] = (T j − W j)(P0)−1,
[R j,H] = 0, [R j,T k] = −T jPk (P0)−2, [R j, Rk] = −ε jk
l
HPl(P0)−3,
[R j, (T × P)k(P0)−2] + [(T × P) j(P0)−2, Rk] = 0. (2.6)
The sixth relation in (2.6) shows the WP to be intrinsically non-localizable. The proofs of the
above are routine; and anyway, the Poisson brackets and general results of the thorough study of
the kinematics of the WP in Kirillov’s prequantized formalism [13] can be largely transposed
here. In particular: the commuting orthogonal trihedron (P,T,Y ) rotates gyroscopically
under boosts, this being ipso facto true for all (restricted) Lorentz transformations. While the
length of P can vary, the lengths of T and Y are fixed at κ. The next subsection helps to
understand why.
2.1 The Wigner rotation, tamed
In the massive case there is a canonical definition for a Lorentz transformation taking the
reference momentum (m, 0) to p, as a boost Lζ n with direction n (a unit vector) and boost
parameter ζ . The corresponding Wigner rotation acting2 on a 3-vector v is found in [13, 17]:
R(Lζ n, p)v = Rm,δv = v cos δ + m × v sin δ + (m · v)m(1 − cos δ),
where:
m =
p × n
|p × n | ; cos δ = 1 −
|p × n |2(cosh ζ − 1)
(m + p0)(m + p′0) ,
sin δ =
(m + p0) sinh ζ + n · p(cosh ζ − 1)
(m + p0)(m + p′0) |p × n |,
with the action p 7→ p′ on 4-momenta given by:
p′0 = p0 cosh ζ + n · p sinh ζ,
p′ = p + p0 n sinh ζ + (n · p)n(cosh ζ − 1).
2In the “active transformation” view [19, Sect. 3.3].
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As remarked in [17], the massless limit of sin δ is perfectly smooth:
sin δ =
(
sinh ζ
p′0
+
n · p(cosh ζ − 1)
p0p′0
)
|p × n |, (2.7)
whereas
p × p′ = [p0 sinh ζ + n · p(cosh ζ − 1)] p × n;
therefore the component of p′ not along p stays in the plane perpendicular to p × n. The sine
of the angle of rotation is given by
|p × p′|
|p | |p′| =
p0 sinh ζ + n · p(cosh ζ − 1)
|p | |p′| |p × n |. (2.8)
In the massive case (where p0p′0 > |p | |p′|), this angle is generally greater than the Wigner
rotation angle δ. The key point is that this formula makes perfect sense for m = 0, even though
some of the factors in its definition do not. Namely, keeping in mind that in the massless case
p0 = |p | and p′0 = |p′|, the formula (2.8) exactly matches formula (2.7). Which means that
momentum and “spin” turn in solidarity. Wigner graphically describes why in the massless
case they must do so: “for a particle with zero rest-mass [. . . ] if we connect any internal
motion with the spin, this is perpendicular to the velocity” [20].
3 The invariant formalism for the WP
To construct a Hilbert spaceH carrying a unitary irreducible representation (or “unirrep”) U
of the Poincaré group P
↑
+
corresponding to a Wigner particle with Casimir κ2, we proceed by
taking a basic set of kets, labelled as
|p |, p/|p |, t〉; where3
P
µ |p, t〉 = Pµ
|p |, p/|p |, t〉 = pµ |p |, p/|p |, t〉; T |p |, p/|p |, t〉 = t |p |, p/|p |, t〉.
Here Pµ is the selfadjoint operator corresponding to the generator Pµ; T is the 3-component
selfadjoint operator corresponding to Schwinger’s geometric generatorT ; and t is the 3-vector
of its eigenvalues. These polarization states lie on a circle of radius κ in the plane perpendicular
to p. Thus, with some abuse of notation, we can rewrite |p, θ〉 or |κ; p, θ〉 for those kets,
with θ denoting their angular degree of freedom. Note that different positive values of κ
correspond to inequivalent representations of P
↑
+
.
The gyroscopic property is the key to the strange simplicity of the WP structure, as it
indicates that the corresponding wave-functions for the WP may transform similarly to spin-
zero particles. Indeed, for any Lorentz transformation Λ the gyroscopic property implies that
the rotation RΛ : p/|p | 7→ p′/|p′| applies equally to t, i.e., t 7→ t′ = RΛ t. This is clear if Λ
is a rotation, and has been shown in [13] when Λ is a boost; and so it is true of any Λ.
3We use open-faced type for the operators on Hilbert space corresponding to geometrical generators.
5
Remark 1. The little-group techniques demand the choice of a Lorentz transformation at each
point of (the mantle of) the lightcone. Now, it is not possible, for rather obvious topological
reasons [21], to construct a global continuous section of the SL(2,C)-principal bundle. Since
one works mostly in the category of Hilbert spaces, and there exist Borel sections, this is
usually deemed not too serious a problem. However, it does produce some pathologies,
which, according to the analysis in [22], for ordinary massless particles of nonzero helicity at
least, partially invalidate the concept of sharp momentum states that people have been using
all along. It would be good to know whether related troubles manifest themselves for WPs
in the invariant formulation. The very fact that the description of one of their states requires
three angles instead of two makes for more singular eigenstates than for scalar particles, at
any rate.
It pertains to declare the normalization of our kets. We decide for the Lorentz-invariant
expression:
〈p, t | p′, t′〉 = |p | δ(p − p′) δ(t − t′), or
〈p, θ | p′, θ′〉 = |p | δ(p − p′) δ(θ − θ′).
Let Φ(p, θ) := 〈p, θ | Φ〉. An inner product for these wavefunctions is thus given by
〈Φ | Φ〉 ∝
∫
d3p
|p | dθ
Φ(p, θ)2. (3.1)
The definition does not depend on the Lorentz frame [23]. We give an explicitly invariant form
of 〈Φ | Φ〉 in momentum space at the end of this section; and also a formula in configuration
space. In order to see them, and to better grasp the kinematics of the WP, we introduce,
following Wigner, its manifestly invariant formalism.
3.1 Equations of motion
As advertised, the gyroscopic property implies that equations of motion for the WP may be
of scalar-like form. In fact, Wigner returned many times [23–25] to the question of equations
of motion for a WP. In those papers Wigner considers scalar wave functions depending
on configuration or momentum-space variables and an extra spacelike 4-vector variable,4
transforming covariantly under the Lorentz group, and satisfying the equations:
xΦ(x, w) = 0; or p2Φ(p,w) = 0, (3.2a)
(w2 + κ2)Φ(x,w) = 0; or (w2 + κ2)Φ(p,w) = 0, (3.2b)
(w ∂x)Φ(x,w) = 0; or (pw)Φ(p,w) = 0, (3.2c)((∂x∂w) + 1)Φ(x, w) = 0; or ((p ∂w) + i)Φ(p,w) = 0. (3.2d)
The first three equations have a ready interpretation, corresponding respectively to the
Klein–Gordon equation for a massless particle, the value of the second Casimir associated to
a given WP, and mutual perpendicularity of the momentum and PL vectors.
4Here called w, since it will be seen to be an avatar of the PL vector.
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For the fourth equation, just note that identifying the equations of motionwith the action of
the Casimir operators is a matter of principle. So let us formally take P andW as independent
variables at the same title, in a representation in which P is diagonal, and compute from
equation (2.3) with P2 = 0 the second Casimir:
C2 ≡ (WW) = (wν ∂wρ − wρ ∂wν )(wν ∂σw − wσ ∂νw)∂xσ∂ρx
= −κ2(∂x∂w)2 + (w ∂x)(∂x∂w) − (w ∂x)(w ∂w)(∂x∂w) − (w ∂w)x
− (w ∂x)(w ∂w)(∂x∂w) − 4(w ∂x)(∂x∂w) + (w ∂x)2 w + (w ∂x)(∂w∂x)
= −κ2(∂x∂w)2 + (w ∂x)2 w − 2(w ∂x)(∂x∂w)(w ∂w) − (w ∂w)x
= κ2(p ∂w)2 − (pw)2 w + 2(pw)(p ∂w)(w ∂w) = −κ2. (3.3)
Now, since here (pw) = 0, we are left with (∂x∂w) = ∓1, which arguably completes the
Wigner equations (3.2) above.5
The weak point of the argument appears to be that the components of W do not commute
in general. But the equations defend themselves very well: the last one is immediately
integrated,
Φ(p,w − γp) = e±iγ Φ(p,w), (3.4)
and may be interpreted as an infinitesimal gauge transformation, which, in view of the
Schwinger decomposition (2.4) and (2.5), identifies γ as the placeholder for helicity. One
recognizes that the argumentw in (3.2) stands for both “spin” and “gauge” degrees of freedom.
The Wigner system of equations is consistent; indeed, compatibility between the third
and fourth equations is guaranteed precisely by the wave equation (3.2a), and compatibility
between the second and fourth by the third equation (3.2c). That is to say: the differential
operators in the left column of (3.2) form a closed system, since x commutes with the other
three, which have the nontrivial commutation relations:
[(∂x∂w) + 1,w2 + κ2] = 2(w ∂x), [(w ∂x), (∂x∂w) + 1] = x .
This would not hold were m > 0, requiring x + m
2 in (3.2a). Moreover, were κ = 0, then
(3.2d) would not follow from (3.3). What is more: in the light of the display above, the
two key equations are (3.2d) and (3.2b), since we may regard the other two – whose physical
meaning is obvious – as their compatibility conditions. In summary: the system (3.2) is
associated specifically to the WP.
Let us consider the transformation ∂w 7→ iv, w 7→ −i∂v in the Wigner system of equations
[26, 27]. There ensues the relation
(WW) = 2(pw)(p ∂w)(w ∂w) − w2(p ∂w)2 − (pw)2 w
= 2(pv)(p ∂v)(v ∂v) − v2(p ∂v)2 − (pv)2 v .
Therefore (WW) is Fourier-invariant in this sense.
5For definiteness, we opted for the upper sign in (3.2d); taking the lower one amounts to changing the sign
of κ only.
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In terms of this Fourier-conjugate to w, we now obtain the “smooth solutions” by Schuster
and Toro [3]:
(p ∂v)Φ˜(p, v) = 0.
Also, the equations in [11] coincide essentially with those of [3].6 The associated action
functionals [5, 28, 29] look quite complicated.
3.2 Invariant wavefunctions
The Wigner equation (3.2a) tells us that we are on-shell in momentum. We express this by
Φ(x,w) ∝
∫
d4p θ(p0) δ(p2)e−i(px)Φ(p,w) ∝
∫
d3p
|p | e
−i(px)
Φ(p,w),
and equivalently
Φ(p,w) ∝
∫
d4x ei(px)Φ(x,w)

p0=|p |
,
with our choice of sign for p0. Now we may relate the above 〈p, t |Φ〉 withΦ(x, w). Consider
again equation (3.2d), or formula (3.4), and let the gauge γ := w0/p0 = w0/|p |. It follows
that
Φ(p,w) ≡ Φ(p,w0, w‖, t) = exp(−iw0/|p |)Φ(p, 0, t)
=: exp(−iw0/|p |) 〈p, t | Φ〉 = exp(−i p · w/|p |2) 〈p, t | Φ〉
=: exp(−i(p · w)/|p |2) 〈p, θ | Φ〉.
For any (p, θ) there holds |Φ(p, γ, θ)| = |Φ(p, 0, θ)|. Notice that for the definition (3.1) of
the scalar product one should not integrate on the real gauge variable γ, which would yield a
divergent expression.
The corresponding representation U of P
↑
+
satisfies
U(a,Λ)Φ(x,w) = Φ(Λ−1(x − a),Λ−1w)
on the space of solutions of the equations (3.2). We have found the simple theory of an
invariant object for the WP – with the help of the Wigner equations themselves.
The internal parts of Lorentz group generators in this formalism commute with the orbital
parts. They are of the form [23]:
K
c
int,cov = i
(
w
0∂wc + w
c∂w0
)
=: Kc
w
;
L
c
int,cov = −iεcabwa∂wb =: Lcw ≡ Sc .
Note the commutation relations S×S = iS, in Schwinger’s notation; and that the total angular
momentum generators can be written as L = −ip × ∂p + S, just like for massive particles.
6 “. . . alle diese Gleichungssysteme, sofern sie widerspruchsfrei sind, äquivalent sind” [24].
8
Remark 2. Given given p such that p2 = 0 and p0 > 0, its three-dimensional little group
Gp of rotations around p/|p | and null rotations preserving p is well known. Any proper,
orthochronous Lorentz transformation of the sphere must have (properly counted) two fixed
points [30]. One possibility is that both null directions coincide; these are precisely the
parabolic Lorentz transformations, called in context “null rotations”; they are discussed
further in App. B.7
Given a pair (p,w) satisfying p0 > 0, p2 = (pw) = w2 + κ2 = 0 and another pair (p′,w′)
of the same kind, there is a unique restricted Lorentz transformation Λ such Λp = p′ and
Λw = w
′.
Remark 3. The scalar product (3.1) is Lorentz-invariant, thought not obviously so. A
manifestly invariant form of the scalar product appears in Wigner [24]: given two solutions
Φ(p,w), Ψ(p, w) of (3.2), define 〈Ψ | Φ〉 by:
2
∫
d4p d4wΨ∗(p,w)Φ(p,w) δ(p2) δ(w2 + κ2) δ ((pw)) (pu) δ ((uw) − a), (3.5)
where u is any timelike 4-vector such that u2 = 1 and a an arbitrary parameter. For the
convenience of the reader we follow Wigner in verifying that the integral is independent of
such u and a. Differentiating first with respect to a,
d
da
〈Ψ | Φ〉 = −2
∫
d4p d4wΨ∗(p,w)Φ(p, w) δ(p2) δ(w2 + κ2) δ ((pw)) (p∂w) δ ((uw) − a)
= 2
∫
d4p d4wΨ∗(p,w)Φ(p, w) p2δ(p2) δ(w2 + κ2) δ′ ((pw)) δ ((uw) − a) = 0.
Thus one can as well drop a in the expression (3.5). Next, by application of the differential
operators uα ∂/∂uβ ∓ uβ ∂/∂uα, one easily checks that the same expression is independent of
the direction of u. So we can as well choose u = (1, 0), leading to
〈Ψ | Φ〉 = 2
∫
d4p d3w Ψ∗(p,w)Φ(p,w) p0 δ(p2) δ (|w |2 − κ2) δ(p · w)
=
∫
d3p d3w Ψ∗(p,w)Φ(p, w) δ ( |w |2 − κ2) δ(p · w),
which, with p0 = |p | and w0 = 0 in the arguments of the wavefunctions understood, coincides
with (3.1).
Wigner [24] discusses as well in great detail the passage to x-space, yielding several
equivalent forms, among which an attractive one is given by:
〈Ψ | Φ〉 =
∫
d3x d3w ∂tΨ
∗(x, w) ∂tΦ(x,w) δ
( |w |2 − κ2) δ(x · w).
7The most general transformation fixing a null direction decomposes into a null rotation (belonging to a
two-parameter set), a rotation and a boost. The four of them together constitute a Borel subgroup of the Lorentz
group; the last two have as invariant directions those of k and the antipodal −k ; the boost does not leave k itself
invariant.
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4 The propagator
In our notation, and with slightly different conventions, the following formula is found in [31,
Eq. (3.15)]:
D˜(x, x′;w0, w,w′0, w′) = −D˜(x′, x;w0, w,w′0, w′) = δ(w2 + κ2)
× 1(2pi)3
∫
d3p
sin |p |(t − t′)
|p | e
ip·(x−x′) δ(pw) δ3 (|p |(w − w′) − (w0 − w′0)p) ei(w0−w′0)/|p | .
The above D˜ is a Lorentz invariant distribution, which satisfies the Wigner equations.
Consider the skewsymmetric form s given by
s(Ψ,Φ) :=
∫
d3x′
[
Ψ(x′) ∂t′Φ(x′) −Φ(x′) ∂t′Ψ(x′)
]
t′=const .
If D denotes the ordinary Jordan–Pauli propagator for massless fields, the solution of the wave
equation with Cauchy data Φ(t′, x′)|t′=const is given by s
(
D(x, −),Φ(−)) .
Now it should be clear that∫
d4w′ s
(
D˜(x,−;w,w′),Φ(−;w′)) = δ(w2 + κ2)(2pi)3
∫
d3w′ δ3(w − w′)Φ(x; w′,w0) δ(pw)
= Φ(x;w),
if Φ already satisfies the Wigner equations; and this expression becomes a solution in the
general case – since D˜ itself satisfies them. Therefore this D˜ behaves like a reproducing
kernel, exactly as the ordinary Jordan–Pauli propagator, which reproduces any solution of the
KG equation, and produces one such from an arbitrary spacetime function.
Notice moreover that D˜ is causal: D = 0 when (x − x′)2 < 0. This does not contradict
Yngvason’s theorem [32] on the nonlocality of quantum fields associated to WPs, for, among
other reasons, the wavefunctions depend on an extra variable.
5 Connecting with the standard formalism
The point de départ of the standard formalism for the Wigner modules is the choice of a
reference 4-momentum k = (|k |, k), which for massless particles can only be arbitrary. Its
“length” |k | is irrelevant, so here it is assumed equal to one. The time-honoured choice for the
reference momentum is k := (1, 0, 0, 1). The representation space of its corresponding little
group for a boson WP is spanned by vectors lying on the circle |ξ |2 := (ξ1)2 + (ξ2)2 = κ2:
either
|ξ1, ξ2〉 ≡ |κ; τ〉, where τ := arctan(ξ2/ξ1),
or |κ; h〉, with h denoting the helicity, computed with respect to the reference momentum.
For these kets:
T1,2 |ξ1, ξ2〉 ≡W1,2 |ξ1, ξ2〉 = ξ1,2 |ξ1, ξ2〉;
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and also:
exp(iβW0) |κ; τ〉 = |κ; τ − β〉, or exp(iβW0) |κ; h〉 = eiβh |κ; h〉.
Then one can employ the standard wave functions:
ψst(p, ξ1, ξ2) := 〈p, ξ1, ξ2 | ψ〉
defined on the lightcone and the internal circle by the customary lifting to a unirrep space of
the Poincaré group.
For a general unit vector k, the generators of rotations take the form
Lk = −ip × ∂p +
p × (k × p)
|p |(|p | + k · p) S · k +
p
|p | Sξ · k = −ip × ∂p +
p + |p |k
|p | + k · p Sξ · k (5.1)
where ξ is taken transversal to k of norm κ, and Sξ := −iξ × ∂ξ . For the boost generators,
one finds:
Kk = i |p | ∂p −
k × p
|p | + k · p Sξ · k +
p · ξ
|p |2
p + |p |k
|p | + k · p −
ξ
|p |
= i |p | ∂p −
k × p
|p | + k · p Sξ · k +
p
|p |2 ×
(
p + |p |k
|p | + k · p × ξ
)
. (5.2)
The generators are defined on a (dense) subspace of the Hilbert space consisting of twice-
differentiable functions vanishing on a cylinder centered on the negative k-axis, including the
origin – keep in mind the analysis in [22]. When k = (0, 0, 1), one recovers from Eqs. (5.1)
and (5.2) the familiar expressions found by Lomont and Moses [33] long ago.
It stands to reason that wavefunctions pertaining to the standard routine must be related
to the invariant wavefunctions of Sect. 3.2 by unitary transformations. Let
α := arccos(k · p/|p |) = arctan |p − (p · k)k |
p · k .
In [31] one finds the assertion that such unitary transformations essentially consist of a rotation
representative:
δ(|ξ |2 − κ2) δ(ξ · k)ψ0(p, ξ) := eiw0/|p | exp
(
iα
k × p
|k × p | · S
)
Φ(p,w)

w=ξ+w0 p/|p |
.
Reciprocally, given k:
Φ(p,w) = e−iw0/|p | exp
(
−iα k × p|k × p | · Sξ
)
δ(|ξ |2 − κ2) δ(ξ · k)ψ0(p, ξ)

ξ=w−w0 p/|p |
.
However, this cannot be quite correct. Let us simply denote
V := exp
(
iα
k × p
|k × p | · S
)
.
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It is perfectly true that V “diagonalizes” the helicity operator:
V(S · p/|p |)V† = S · k .
However, straightforward albeit tedious calculations show that the correct internal angular
momentum components transversal to k in (5.1) are not recovered by this unitary transfor-
mation.8 A breach between the Wigner-rotation treatment of induced representations and the
covariant function treatment is the culprit here [34]. (See also [35] as regards the latter.)
Unfortunately, we cannot go into this matter here.
A Poincaré group conventions
Our metric on the Minkowski space M is mostly-negative. The inner product of two vectors
x ≡ xµ, p ≡ pν of spacetime is denoted with parentheses: (xp) = xµpµ. When (we hope) it
does not cause confusion, we often write p2 = (pp), say.
The Lie algebra p of P has a basis of ten elements {P0, Pa, La,Ka : a = 1, 2, 3}, cor-
responding respectively to time translations, space translations, rotations and boosts. The
commutation relations for the Lorentz subgroup are as follows:
[La, Lb] = εabc Lc, [La,Kb] = εabc Kc, [Ka,Kb] = −εabc Lc .
The commutation relations are realized9 by Ka = 1
2
σa and La = − i
2
σa.
In the real four-dimensional representation:
J01 ≡ K1 =
©­­­«
1
1
0
0
ª®®®¬
; J02 ≡ K2 =
©­­­«
1
0
1
0
ª®®®¬
; J03 ≡ K3 =
©­­­«
1
0
0
1
ª®®®¬
;
J23 ≡ L1 =
©­­­«
0
0
−1
1
ª®®®¬
; J31 ≡ L2 =
©­­­«
0
1
0
−1
ª®®®¬
; J12 ≡ L3 =
©­­­«
0
−1
1
0
ª®®®¬
,
with the same commutation relations. Remark that
(L1 + K2)2 =
©­­­«
1 −1
0
0
1 −1
ª®®®¬
= (L2 − K1)2
and (L1 + K2)3 = (L2 − K1)3 = 0.
8Say, for k = (0, 0, 1), one recovers one of two equations embracing L1, L2 which allow to find their explicit
forms in [15, Sect. 4]; but not the other.
9Or by Ka = − 1
2
σa and La = − i
2
σa. In the usual terminology, Ka = 1
2
σa and Ka = − 1
2
σa correspond to
the D(0, 1
2
) and D( 1
2
, 0) spinor representations respectively, according to [19, Chap. 8].
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It is advisable to pull these generators together in matrix form:
J µν =
©­­­«
K1 K2 K3
−K1 L3 −L2
−K2 −L3 L1
−K3 L2 −L1
ª®®®¬
or Jµν =
©­­­«
−K1 −K2 −K3
K1 L3 −L2
K2 −L3 L1
K3 L2 −L1
ª®®®¬
.
The general expression is (Jρσ)αβ = δαρ gσβ − δασ gρβ, and the commutation relations are
summarized as:
[Jρσ, Jµν] = −gρµJσν − gσνJρµ + gσµJρν + gρνJσµ. (A.1)
The dual tensor:
J∗ρµ := −1
2
ερµντJντ =
©­­­«
−L1 −L2 −L3
L1 K3 −K2
L2 −K3 K1
L3 K2 −K1
ª®®®¬
plays a role in the theory of the WP. Notice that K · L = 1
2
JρµJ
∗ρµ is a relativistic invariant;
as is K2 − L2 = 1
2
JρµJ
ρµ
= −1
2
J∗ρµJ∗ρµ. These are just the Casimirs of the Lorentz group. A
generic infinitesimal Lorentz transformation is of the form
Λ ≃ 1 + 1
2
ωρσJρσ , or Λ
µ
ν = δ
µ
ν + ω
µ
ν ,
where ωρσ must be skewsymmetric.
The Pµ mutually commute. The remaining nonvanishing commutation relations for P are
given by:
[La, Pb] = εabc Pc, [Ka, Pb] = −δabP0, [Ka, P0] = −Pa;
that is, [J κρ, Pµ] = gµρPκ − gµκPρ.
Let U(Λ) be the unitary operator acting on one-particle states, corresponding to a Lorentz
transformation Λ. As discussed for instance in [36, Sect. 2.4], one finds that
U†(Λ) Pµ U(Λ) = Λµν Pν; U†(Λ) Jµν U(Λ) = ΛµρΛνσ Jρσ,
where byP and J = {K,L}wedenote hermitian generators onHilbert space, with commutation
relations:
[La,Lb] = iεabc Lc; [La,Kb] = iεabc Kc; [Ka,Kb] = −iεabc Lc;
that is, equation (A.1) leads to
[Jρσ, Jµν] = i
(−gρµJσν − gσνJρµ + gσµJρν + gρνJσµ) .
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B The Lorentz decompositions of null rotations
The unique decomposition of an arbitrary (proper orthochronous) Lorentz matrix S into the
product of a rotation and a boost is well known [19, Ch. 1]. It becomes
S =
(
α at
c N
)
=
(
1 0
0 N − cat/(1 + α)
)
La/α =:
(
1 0
0 N − cat/(1 + α)
) (
α at
a 13 +
aat
1+α
)
,
where α2 = 1 + a2. Since S and St are Lorentz, which implies Na = αc, N t c = αa and
N t N = 13 + aa
t , one checks that R := N − cat/(1+α) is a rotation and that Ra = c, and thus
also R + Raat/(1 + α) = N .
We want to decompose null rotations in Gp. Note that there is an infinity of spacelike
surfaces, of timelike, null or spacelike vectors, which are orbits of Gp in M, each isometric
to the group of motions of a plane [37]. Consider those null rotations which leave invariant
the standard momentum k = (1, 0, 0, 1). Denoting when convenient b2
1
+ b2
2
by |b|2, a general
null rotation fixing k is given by:
S(b1, b2) :=
©­­­«
1 + 1
2
|b|2 −b2 b1 −12 |b|2
−b2 1 0 b2
b1 0 1 −b1
1
2
|b|2 −b2 b1 1 − 12 |b|2
ª®®®¬
=:
(
α at
c N
)
.
Simplifying further, we work out first the case S(0,−b), with b > 0.
Here α2 = 1 + b2 + 1
4
b4 = (1 + 1
2
b2)2 so that 1 + α = 1
2
(4 + b2), and S(0,−b) factorizes as
©­­­«
1 + 1
2
b2 b 0 −1
2
b2
b 1 0 −b
0 0 1 0
1
2
b2 b 0 1 − 1
2
b2
ª®®®¬
=
©­­­­«
1 0 0 0
0 4−b
2
4+b2
0 − 4b
4+b2
0 0 1 0
0 4b
4+b2
0 4−b
2
4+b2
ª®®®®¬
©­­­­«
1 + 1
2
b2 b 0 −1
2
b2
b 1 + 2b
2
4+b2
0 − b3
4+b2
0 0 1 0
−1
2
b2 − b3
4+b2
0 1 + b
4
2(4+b2)
ª®®®®¬
=: RL = (RLR−1)R =: L′R.
We see clearly that R is a rotation around the y-axis, of positive angle θ turning anticlockwise
from the positive z-axis towards the positive x-axis, with θ = 2 arctan(b/2). The velocity
associated with the boost L′ is:
v =
(
2b/(2 + b2), 0,−b2/(2 + b2)) ;
therefore its rapidity parameter is given by ζ = arcsinh
(
1
2
b
√
4 + b2
)
; the direction of the
boost forms an angle arctan(b/2) with the x-axis, tilted towards the negative z-axis. For
small angles, it is intuitive that the boost undoes the turn effected by the rotation. The result
reproduces the one indicated without proof in [32].
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